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Abstract. The dynamics of spinning shafts with non-constant rotating speed is 
described by a nonlinear system that under certain conditions might exhibit also 
chaotic behavior. In this article chaotic dynamics of the spinning shaft is exam-
ined. Initially, the trajectories in phase space around the equilibrium manifolds 
are determined. Then by choosing a set of initial conditions, nearby to an equi-
librium, corresponding to eigenvalues of the Jacobian with a nonzero real part, 
identification of chaos is examined. Approximations of the trajectory, with the 
linearization curves around the equilibria, are defined and they are good in a re-
gion very close to the associated equilibrium point. It is shown that the eigenval-
ues, as Lyapunov exponents indicators, are not parameter dependent but state 
dependent. The eigenvalues of the linearized system within an orbit are varying 
from positive to zero, therefore the Lyapunov exponent is not defined through 
this limit as an explicit number but variant. The existence of eigenvalues with 
positive real parts in certain parts of the orbit is an indication of chaos since it 
shows a divergence of nearby orbits. One orbit starting from an initial condition 
which corresponds to eigenvalues with positive real part is crossing the threshold 
and pass to points that the eigenvalues with zero real parts, therefore this ‘thresh-
old’ is not discriminating chaotic with regular regions as expected. The variant 
positive Lyapunov exponents have been examined also with numerical investi-
gations and it is an indication of chaos. The Poincare section indicates irregular 
motion and the approximated Information Entropy is relatively high, and both 
are indicating chaos. It should be highlighted that this is a mechanical system 
with variant real parts of eigenvalues as Lyapunov exponents within one orbit 
and the threshold is insufficient to distinguish chaotic from regular regions. Fur-
ther work is needed to determine the chaotic regions of the spinning shaft. Further 
developments in the mathematics of nonlinear dynamical systems associated with 
the equilibrium manifolds are needed to examine the significance of variant Lya-
punov exponents for this kind of systems. Also, the necessity to reexamine the 
validity of existing algorithms and the development of new ones for the determi-
nation of variant Lyapunov exponents, become evident.  
Keywords: Variant Lyapunov exponent, Chaos, Spinning shaft. 
2 
1 Introduction 
There is a significant number of articles focused in dynamics of rotating structures with 
constant rotating speed but the examination of dynamics of rotating structures with a 
non-constant rotating speed which occurs during spin-up/down operation is very lim-
ited [1-5]. In Ref. [4], the equations of motion of a spinning shaft as Euler-Bernoulli 
isotropic beam has been derived and dynamic analysis is performed, noted that the 
model has a similar form with this one obtained in Ref. [3] about rotating blades. In 
Ref. [5] the Equilibrium Manifolds (EMs) have been determined with their associated 
normal modes and stability is examined. Also, there is a vast number of articles exam-
ining chaotic dynamics near specific equilibrium points but articles relevant to equilib-
rium manifolds with the examination of points that the linearized solution is changing 
nature with state space dependent eigenvalues are very limited and few relevant com-
ments can be found in [6].  
This article is a continuation of the work done in Ref. [5], focused in chaotic motions 
in the nonlinear dynamics of the spinning shaft, using typical technique applied in non-
linear dynamics which is the linearization around EM. Firstly, the trajectories arising 
from linearization around some EMs are determined, and secondly using direct numer-
ical integration the validity of the solutions with the associated eigenvalues is exam-
ined. Also using numerical methods, the notion of variant Lyapunov exponent and the 
chaotic behaviour in the dynamics of the spinning shaft are examined by means of the 
determination of Poincare section, the Lyapunov Exponents (LE) and the approximated 
Information Entropy for a specific set of Initial Conditions (ICs).   
2 Trajectories around equilibrium manifolds 
A spinning shaft (with length-L, internal-Di and external diameter Do) with a non-con-
stant rotating speed made of isotropic material (with density-ρ, Young’s and Shear 
modulus being E, G respectively) modelled as Euler-Bernoulli beam is considered. The 
equations of motion describing the dynamics are given in Ref. [4] and in Ref. [5] by 
neglecting the equation of rigid body angular position then a restricted system is arising. 
The restricted system is not corresponding to specific energy function, therefore even 
if a linear counterpart of the restricted system exists, the examination of chaotic orbits 
through Melnikov theory would be rather complicated [7-9]. So, on this article as the 
first investigation of chaotic orbits on the restricted system, the linearization through 
perturbations around EM and examination of the associated real parts of the eigenval-
ues as indicators of LE is used. 
Herein the analysis will be restricted around the following EM, 
y0
(1)




= (𝑦0,1, 𝑦0,2, 𝑦0,3, 𝑦0,4, 𝑦0,5, 𝑦0,6, 𝑦0,7) = (0,0, 𝑞0,𝜙, ±𝜔𝑇 , 0,0,0) with 𝑞0,𝜙 ∈ ℝ,  (2) 
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namely 1st and 3rd EM as mentioned in Ref. [5], whereas 𝑦1, 𝑦2, 𝑦3, are the modal 
displacements in lateral bending motions and torsion respectively, 𝑦4 is the rigid body 
angular velocity and the rest are the associated velocities of the modal displacements 
in the same order. Considering 𝜉𝑖  (𝜁𝑖)-perturbations for each generalized i-coordinate 
on the equilibriums for the 1st EM (3rd EM) and then after linearization, the system will 
be examined in the region of phase space that is defined by rigid body angular velocity 
of ?̇?0 ∈ (𝜔𝑏√(1 − 𝑀),
𝜔𝑏(1−𝑀)
√−𝑀
). The constants are given by, 
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.  (4a-c) 
The linearization around the 1st EM (y0
(1)
), leads to two fully decoupled systems of 
differential equations; one describing the two lateral bending motions and the other one 
describing the coupled torsional with rigid body motions which will be considered 
herein [5]. The linearization around the 3rd EM (y0
(3)
) [5], lead to three systems of dif-
ferential equations; one describing the two lateral bending motions fully decoupled 
from the equations that are describing the torsional with rigid body motions which will 
be considered herein [5]. 















, j=1,2,3, (5) 
which are real in case of ?̇?0 > 𝜔𝑇. Therefore, based on the existing theory, there is a 
‘threshold’ of ?̇?0 = 𝜔𝑇 , whereas for higher angular velocities the LE from zero be-
comes positive [9]. The existence of the chaotic region for ?̇?0 > 𝜔𝑇  and the transition 
to chaos around the region ?̇?0 = 𝜔𝑇, will be examined. For ?̇?0 = 𝜔𝑇 , the 1
st EM is 
approaching the 3rd EM which justifies that the examination must be performed consid-
ering both EM. The eigenvalues of the linearized system around 3rd EM are purely im-













, 𝑗 = 1,2,3 (6) 
The systems of differential equations which describe the motions around the 1st and 
3rd EM will be used for the projection to the phase space by parametrizing time with 
respect to the perturbation in torsional position (𝜉3and 𝜁3 respectively) [5].  
Using the linearized equations arising with 𝜉𝑖 −perturbations around the 1




























2 = 𝐴,  (8) 
neglecting 𝜉7 ≠ 0 which corresponds to the local extrema of perturbation of torsional 

















2 = 𝐴,  (9) 
whereas the case of ?̇?0 > 𝜔𝑇 corresponds to a family of hyperbolas with center (0,0) in 
phase space, the case of ?̇?0 = 𝜔𝑇 lead to a constant perturbation in torsional velocity 
(𝜉7) and the last case of ?̇?0 < 𝜔𝑇 corresponds to a family of ellipses with center (0,0) 
in phase space. Using equation (9), the constant of integration A can be determined. 















2 + 𝐴,  (10) 
then using (eq. 10) in (7) and after integration considering original system state space 
variables lead to, 










2 + 𝐴 + 𝐵,   (11) 












2 = 1,   (12) 
whereas for ?̇?0 > 𝜔𝑇 corresponds to a family of hyperbolas with centre (?̇?0 + 𝐵,0), for 
?̇?0 = 𝜔𝑇 lead to a constant rigid body angular velocity (𝑦4) and finally for ?̇?0 < 𝜔𝑇 
lead to a family of ellipses with center (?̇?0 + 𝐵,0) in phase space.   
In Ref. [5] the linearized namely 3rd EM which corresponds to ?̇?0 = 𝜔𝑇 is sur-
rounded by periodic orbits, therefore the constant perturbations in torsional and rigid 
body angular velocities obtained from equations (10) and (11) respectively are not de-
scribing the orbits in this region. In this region of the orbit, a better approximation of 
the orbits can be obtained from the linearization of the namely 3rd EM. The orbits asso-
ciated with the 3rd EM around 𝜁𝑖 − perturbations, by parametrizing time with the per-
turbation in torsional position (𝜁3) using equations obtained in Ref. [5], are determined. 







,   (13) 
neglecting the points of (𝐼1𝐿 + 𝑦0,3
2 )𝜁4 ≠ 𝐹𝜁7 which corresponds to the local extrema 












.   (14) 
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The constant of integration C can be determined using any pair of values in the follow-





2 + (𝐼1𝐿 + 𝑦0,3
2 )𝜁7
2 − 2(𝐼1𝐿 + 𝑦0,3
2 )𝐹𝜁4𝜁7 − 𝐶 = 0,  (15) 
which is a 2nd degree equation and it is forming an ellipse [10]. 
















),  (16) 







2 + 𝐶 + 𝐷,  (17) 
or using state space variables of the original system and after rearrangement lead to the 
following family of curves in phase space, 
[2𝜔𝑇𝑦0,3(𝑦3 − 𝑦0,3 − 𝐷)]
2
+ (𝐼1𝐿 − 𝐹
2 + 𝑦0,3
2 )𝑦7
2 = 𝐶,  (18) 
which is an ellipsis centered at (𝑦3, 𝑦7) = (𝑦0,3 + 𝐷, 0) [10].  
Solving equation (18) for perturbation of modal torsional velocity with respect to per-













,  (19) 
and replacing (eq. 19) in (eq. 14) considering state space variables of the original system 
lead to, 














,  (20) 
and if it is written as a 2nd order equation becomes evident that forms a family of ellipsis 
with center at (𝑦3, 𝑦4) = (𝑦0,3 + 𝐷, 𝜔𝑇) [10]. 
3 Numerical results-Discussion 
A 1-meter length shaft with internal and external radii ri=0.028 m, and ro=0.03 m, re-
spectively, is considered. It is made of Stainless steel with density 𝜌=7850 Kg/m3, 
Young modulus E=200 GPa, shear modulus G=76.9 GPa and, Poisson’s ratio 𝜈 = 0.3.  
The ICs are (𝑦1, 𝑦2, 𝑦3, 𝑦4, 𝑦5, 𝑦6, 𝑦7) = (0,0,0,4996.41,0,0,0.1) and correspond to 
a perturbation of the 1st EM for 𝑦0,4 = ?̇?0 = 𝜔𝑇 + 80 𝑟𝑎𝑑/𝑠𝑒𝑐 whereas the trajectory 
around this point can be approximated by hyperbolas given by (eq. 9, 12). The total 
restricted system has been numerically integrated with time step (1.5e-5) for 
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approximated 3997 orbits (approximating average orbital period 0.01251 sec). The full 
manifold superimposed with the plot of the EMs are depicted in Figure 1a, noted that 
the lateral bending motions are zero and in (fig. 1a) the total manifold is depicted. In 
Figure 1a the four points that the trajectory is approaching the 3rd EM (?̇?0 = 𝜔𝑇 =
4916.41 𝑟𝑎𝑑/𝑠𝑒𝑐)  are also indicated. The points are defined by the following sets of 
values;  (𝑦3 , 𝑦4, 𝑦7)=(0.001374,4916.411021,-2.686653) for the 1
st point,  
(𝑦3, 𝑦4, 𝑦7)=(0.006003,4916.411603,2.686645) for the 2
nd point, (𝑦3, 𝑦4, 𝑦7)=(-
0.001374,4916.411674,-2.686633) for the 3rd point, and (𝑦3, 𝑦4, 𝑦7)=(-
0.006003,4916.411329,2.686636) for the 4th point, which are not the singular points of 
1st EM since 𝑦7 ≠ 0. Around these points, the trajectory can be approximated by ellipsis 
given by (eq. 18,20).  
In Figures 2, the projection of the trajectory in (𝑦3, 𝑦4)-plane superimposed with the 
analytical solutions around the ICs (using eq. 10, 11) and around the four points that 
the trajectory is approaching the 3rd EM (using eq. 17, 20), are depicted. 
Examining Fig. 2b becomes evident that the trajectory around the ICs is very well 
approximated by hyperbolas (Fig. 2b) and the linearized system has real eigenvalues 
(eq. 5). When the trajectory is approaching points 2 and 4 the trajectory is very well 
approximated with ellipses (fig. 2d, f) which correspond to purely complex eigenvalues 
given by eq. (6).In cases that the trajectory is approaching points 1 and 3 the trajectory 
is approximated in a very small region around them (fig. 2c, e) with ellipses, again with 
zero LE.  
The definition of Lyapunov exponent for an equilibrium of an autonomous dynam-





𝑅𝑒(𝜎𝑗𝑡),  (21) 
whereas, the real part of 𝜎𝑗 which is the 𝑗-eigenvalue of the linearized system around 
the equilibrium is considered and this limit exists when they are monotonic. In the con-
sidered case, the eigenvalues are dependent on states. When the part of the orbit is close 
to ICs (1st EM) then the linearized system has pure real eigenvalues (𝜆𝑗) and when it is 
considered part of the orbit nearby the points 1-4 (3rd EM) then the eigenvalues (𝜇𝑗) are 
pure complex. Therefore, the real part of the 𝜎𝑖 eigenvalues from the linearized systems 







] and the limit of eq. (21) has no specific value but since the trajectory 
is approximated well locally with different curves which corresponds to different ei-
genvalues, it can be claimed that the LE is variant within an orbit. The existence of 
positive real eigenvalues in some parts of the orbit means nearby orbits at this region 
are diverging, and it is an indication of chaos. 
Examining Figure 2a on the right-hand side with the indication of the eigenvalues of 
the 1st EM and based on the standard stability theory then the point, of ?̇?0 = 𝜔𝑇 whereas 
the eigenvalues from purely complex becomes real, can be considered as the ‘threshold’ 
to discriminate the chaotic (?̇?0 > 𝜔𝑇) with regular regions (?̇?0 < 𝜔𝑇). Herein this is 
not the case. If the initial conditions are taken from the same trajectory but from the 
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‘lower region’ (?̇?0 < 𝜔𝑇) whereas the eigenvalues are purely complex, these initial 
conditions correspond to the regular region, but they follow a chaotic trajectory.   
The analysis of the projection of the trajectory to (𝑦3, 𝑦7)-plane superimposed with 






Fig. 1. (a) The total trajectory in phase space superimposed with the EMs. (b) Poincare section 
with maxima of torsional angle. 
In Figure 1b the Poincare section obtained with zero crossings of torsional velocity 
(𝑦7) restricted to the maxima of torsional angle (𝑦3) is depicted. It is evident the ab-
sence of periodic and quasiperiodic motion due to the existence of irregular points 
in the Poincare section.  
The numerical determination of the LE has been done by three methods, in 1st one 
using direct integration of the system the Lyapunov spectrum with the re-orthonormal-
ization Gram-Schmidt (G-S) method is determined [11]. In the other two methods only, 
the maximum LE is determined and in the 2nd the direct integration of the system with 
rescaling to the neighbouring trajectory as described by Seydel in Ref. [12] is used, and 
in the last one, the maximum LE is obtained from data series after direct numerical 
integration of the system using a Matlab tool [13]. The first two methods are well ex-
plained in the literature [11,12] and they are well known so it will not be explained 
further on. Both methods provide reliable results as long as the elementary volume ex-
pansion or contraction (an indication of LE) in the considered direction of the dynam-
ical system, is monotonic with time [15]. Noted that in Ref. [15], in the implementation 
of the different numerical schemes there is an emphasis on how to implement the dif-
ferent schemes to avoid the non-monotonicity in time of the used estimators. 
In the 3rd method, a Matlab tool to determine the LE has been used [13]. Using as 
input; the data series, the lag (estimated from the same tool) and the embedded dimen-
sion of the phase space then, the analysis can be performed with a tool-figure to obtain 
the largest LE. It is based in the practical method developed in [16] and the algorithm 
used for the determination is explained very well in [13]. 
Briefly, the method and the algorithm are based to curve fitting of the divergence of 




,   (22) 
by considering the values of them at several time instants (𝐾) belonging to a certain 
expansion range [𝐾𝑚𝑖𝑛 , 𝐾𝑚𝑎𝑥], with a plot of the average divergence then, the LE esti-
mation is done through a curve fitting in selected expansion ranges, which is based on 













In case that the LE is variant, for different time instants (𝐾) the logarithm in eq. (22, 
23) can have a positive or negative value (slope), since the ratio of the initial difference 
(denominator) with the consider time instants difference (nominator) throughout the 
expansion range is decreasing or increasing. Noted that also this method is developed 
for monotonic values of divergence.  
All the codes for LE determination have been tested successfully to obtain the bench-
mark values for many systems indicated in Ref. [14]. 
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The determination of the LE has been done using approx. 1500 orbits for the first two 
methods and for the last one approx. 1000 orbits. In the presenting results for the first 
method, it has been used 1.25e-3 sec time step, in the 2nd 4.17e-5 sec with initial per-
turbation 1e-9 (limited only to torsional velocity), and in 3rd 2.502e-5 sec.  
 
Fig. 2. Projection of the trajectory in (𝑦3, 𝑦4)-plane superimposed with the analytical solutions 
around; the ICs (zoom out in Fig.2b), also of the four points that the trajectory is approaching 
the 3rd EM (zoom out in Fig.2c-f). 
The LE spectrum obtained using the G-S method is summarized in Table-1 whereas 
the largest value is positive. The accuracy of the G-S method is dependent; on the num-
ber of orthonormalizations and the choice of the finite-time step for each orthonormal-
ization. In Hamiltonian systems, the validity of LE spectrum can be checked by the sum 
of LE which should be equal to zero, and this is the case for the spectrum in Table-1. 
Therefore, under the monotonic assumption of the elementary volume expansion or 
contraction and based on the current knowledge, the selected time step and number of 
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orbits (for a specific time step is an indicator of the number of orthonormalizations) are 
leading to ‘reliable’ results.  
In Table-2 is presented a positive value of the maximum LE using the 2nd method. 
According to Ref. [12,14], based on reported experiments the 2nd method LE estimation, 
in case of monotonic divergence of nearby trajectories and if the perturbation is very 
small (1e-9 in this case), the maximum LE is determined independently of the choice 
of time steps.  
Table 1. Lyapunov spectrum using G-S method. 
\n 1 2 3 4 5 6 7 
LEn (bits/orbit) 87.6 3.9 1.9 0 -1.9 -3.9 -87.6 
 
Also, in the plots of identifying the plateaus of the LE values in 1st and 2nd methods, 
there are small fluctuations within an orbit.   
The Matlab tool in the 3rd method is providing the opportunity to examine whether 
there are enough data points by reconstructing the phase space, which has been done 
successfully. In Figure 3 is depicted the plot as a Matlab tool to determine the slopes of 
the divergence of nearby points with respect to the expansion steps which defines the 
maximum LE using this method. In this fig. (3) there are 4 different slopes at different 
expansion ranges based on the divergence of nearby points throughout the considered 
total expansion range (600). The estimated slopes are summarized in Table-2, noted 
that they have positive and negative values. 
 
Fig. 3. Matlab tool (3rd method), divergence of nearby points with respect to expansion steps. 
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The values of the largest LE obtained from the 3 methods are summarized in Table-
2 which are different. In the first two methods, the maximum LE is positive but different 
to each other because since the LE is variant within an orbit the two methods are using 
a different way to obtain a representative value of LE throughout the total range. 
In the third method, depending on the selected expansion range (time instants) then, 
the LE have positive and negative values. The variant Lyapunov exponent arising from 
the theoretical analysis is also justified with this 3rd method, whereas the different 
ranges correspond to different time instants that the exponent of the divergence of the 
orbits is varying from negative to positive. 
The Matlab tool from Ref. [13] applied in the data series estimates that the approxi-
mated Information Entropy is 0.155. Therefore, the irregularity is high, and the in-
formation loss is significant which is an indication of chaos. 
Table 2. Maximum LE (bits/orbit) using the three different methods. 










LE 87.6 13.7 -8.1 11.3 -9.8 10.3 
4 Conclusions 
On this article chaotic dynamics of a spinning shaft with non-constant rotating speed is 
examined through linearization around the EM. The analytical approximation of the 
orbit is approximated well, only locally, nearby the different equilibriums, and, in that 
respect, it is shown that there are positive and zero eigenvalues which are indicative of 
the Lyapunov exponent and, although the limit is not existing, the Lyapunov exponent 
can be considered as variant within one orbit. Also, it is shown that the ‘threshold’ of 
the eigenvalues from purely complex becomes real which it should be expected to sep-
arate chaotic with regular regions in a given orbit is not valid. Therefore, a more ad-
vanced theory is needed to identify the thresholds of the chaotic motion in case of the 
spinning shaft. Examination of the Poincare section indicates irregular motion. The LE 
has been determined numerically with three methods and they are very different. In the 
first two cases, they are positive. In third method they are clearly state-dependent with 
the largest being positive which certifies the variant theoretical Lyapunov exponent. 
Also, the approximated Information Entropy is relatively high which is an indication of 
chaos. Since the Lyapunov exponent is varying within an orbit the methods of calcu-
lating LE that are relying on monotonicity and they are based on ‘sampling’ they cannot 
provide reliable results. This work is a first attempt to identify chaotic motions in spin-
ning shafts using analytical and numerical methods, but further work is needed. It high-
lights the need for further development in the mathematics of nonlinear dynamical sys-
tems associated with EMs and the significance of the variant Lyapunov exponent ex-
amination for this kind of system. Also, generate the need to reexamine the cases of the 
validity of algorithms to estimate variant LE within an orbit, since most of them are 
based on the constant value assumption, therefore there is a need of the development of 
new ones considering variant LE.   
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